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Cut-and-ProjectSets

Ficadecomposition Ru=RARawithprojectionsApnesanditisphysical space Vphys -internal space Vint
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Cut-and-ProjectSets

FicadecompositionRatRatawithprojectionsMonesaudit
can

-internal space Vint

Vintw 1RM
↓

~I
> Uphys

1 =1(C,W):=kphys(2r iin't (W)< Vphys
The cut-and-projectset associated with and W



·Assumptions and Basic Properties in1(,W) is irreducible if Tint(2):Vinta

#phys is 11 on 2, and if W is regular:

Bounded isuniformly discrete
· Delone

.

.

.

.
Non-empty interior isrelatively dense

-

Boundary ofmeasurezero hasasymptotic density
D(1):=lim #S11B(0,T)3

= TNRE
T-gve((B(0,T))

For s Ephys(2) define act - Fint(Tphys"(x)
If Ais 11 / 1 has no periods



Motivations and Relations

Geometric
ADelone set 4 is Mayer if 4-4is also Delone

Every 1(,W) is Meyer

Meyer Every Meyer set is contained in some 1(,W)

Dynamical
Delone sets are elements of [(R):=space of closed

subsets of 1which carries a natural topology.
SetX:= SN-tteRaS, then

Hof, Schlottmann Dynamics of (X,Rd) purepointdiffraction



Motivations and Relations

· Arithmetic

Interesting sets have representations as 1(,W):

IAn algebraic integer =1 is Pisot if all its conjugates
lie inside the unit disk.

LetK=R(/) with a ring of integers OK, and set

2:9(x,x) xcOk3 the Minkowski embedding
· Pisot numbers in Ok =1 (C, (1,1) 1(1,0)

# Relaxing assumption and allowing Vintaddles

·primitive vectors



Example:The Ammann-Beenber PointSet

LetK =h(R), and set

2=9(s9,(2,33,(2)(9,3180k, h(4-23<Or3 W = sR

1(,W) is then the vertex

setof the Ammann-Beenker tiling,
which can also be defined via a

substitution rule with inflation
constant x =1 +2

From Baake and Grimm's Aperiodic Order VoL 1
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Action of ASL(IR) and Main Goals

volume and orientation
ASLACR) =SLACIR) x /Rd= 3 preserving affine maps (Rd Rd3

- Describe probability measures on cut-and-projectsets in
1Rd,d22, that are affine group invariant and ergodic.
· We obtain a complete classification

- Describe counting statistics for typical cut-and-project
sets with respectto such measures

· We obtain counting results for both points and patches



Rather-Marklof.Strombergsson Measures [MSHH]
·Fix d+m =

n, REVphys+Vint, WaVint. Define an embedding
ASLa(IR) G ASLn(IR) (g,v) 1(TV) =(( eau). (o)

- Let Lt Yn =ASLn(R)/ASLn(2):space of grids, then
orbitof a orbitin

cut-and-project (g,V).1(2,W) =1)2,W) the space of-
set grids Yn



Rather-Marklof.Strombergsson Measures [MSHH]
·Fix d+m =

n, REVphys+Vint, WaVint. Define an embedding
ASLa(IR) G ASLn(IR) (g,v) 1(TV) =(( eau). (o)

- Let Lt Yn =ASLn(R)/ASLn(2):space of grids, then
orbitof a orbitin

cut-and-project 1(C,W) =1((g,v).2,W) the space of
set -

grids Yn

Rather Orbitclosures ASLa(R)C: In support ASUd(IR) - invariant

probability measures described using Hear measures on algebraic groups
ASLa(IR)<HxASUn(R), ASLa() C =HC

- Letis be an ASLA(R) - invariant ergodic measure on Y, and

↑(2) =1(C,W). Then M =IRMS measure on SAShC,W)/heH3
⑦ ↑

grid cut-and-project
set in Id



Classification of Measures

Theorem Any ASCADR) - invariantergodic measure assigning full
measure to irreducible cut-and-projectsets is an RMS measure



Classification of Measures

Theorem Any ASLDCIR) - invariant ergodic measure assigning full
measure to irreducible cut-and- project sets is an RMS measure

Theorem For every RMS measure , there exist d±k±n and

a real number field K so that H = H' IR"
,
tic 54412) .

H
'
arises via restriction of scalars from the field K

and one of the following groups :

- Slk , then n=k . deg (K/0h) . Over IR (and up to conjugation)

H' =/(
A
'
'

:

Ade
,,won,
) Aj c- Slk(IR)}

- Spee , then n= 2k . deg (K/0h) (arises only when D=2)



Special Cases and Examples
dimUphys =dimVintor he prime H

=ASLnCR) (generic cases

dxkzndimVphys =dimVint=2 Three options kn

The generic case (H =ASLu(IR)

H =SpuCR)x" (can only arise ifd=2)

H =9(7 0):A,BCSLC)] *1RY, corresponding to
restriction of scalars for SL, and K =0h(M).

AmmannBeenker I =R():

k =R(k)a+ba,c(adb)cMreg(k()(h) =M(a)

·extended entry-wise to define
dag(k/a)

Res(S(h) =(S(n) =(S))
↑
over IR



↓ ↓ ↓ ↓ ↓
↓ ↓ ↓

Plan of Talk ii..
↓

↓ . ↓

↓

↓

↓ ↓

· Cut-and-project sets
↓

= ↓

↓

↓

↓ ↓ ↓

↓ ↓

· "Spaces ofquasicrystals ↓ ↓

↓ ↓ ·
↓

↓:z↓

↓

.↓
↓ ↓

↓

↓ ↓

↓

↓ ↓

· · ↓

↓

↓ ↓
↓ ↓

↓

↓ ↓

↓

↓ ...
↓

↓

↓

↓ ↓

↓

↓ !
↓

↓ ↓

↓

↓

↓

↓ ↓

· ↓



Effective Point Counting Following Schmidt

An unbounded ordered family is a collection of Boreh
subsets 92+TCR3 of Id so that

0xT,FT2 ET,ST

For all T vo)(2+) =0

us)(r+) ca



Effective Point Counting Following Schmidt

An unbounded ordered family is a collection of Boreh
subsets 92+TCR3 of Id so that

0xT,FT2 ET,ST

For all T vo)(2+) =0

us)(r+) ca

Theorem Letm be an RMS measure. For every aso, every
unbounded ordered family and for M-a.e. cut-and-project set1

A(112+) =P(1)v0(z+) +8(vb)(2+)+3)
r

matches bestknown result

even for lattices and 2.
=B(0,T)



Effective Patch Counting Following Schmidt

For a pointscel and Rxo, the R-patch of Natx is

Pr,R(x)i =(1-x)rB(0,R)

From Bake and Grimm's Aperiodic Order VoL 1

Theorem Let us be an RMS measure and assume the window

W has dimpOW=m =dimVint. There is 80 so that for any

unbounded ordered family, for M-a.e1 and any patch in N
#(xt112+Pr,p(x) =P) =D(1,P)v0)(z++8(v)(2+)0)

For dinpOW=m- 1

any Oxit is good



ASiege) Summation Formula and a Rogers
Second Moment Bound

LetfeCR) and Man RMS measure. Define a

SiegelVeech transform I (1):=2fac)

Marklof-Strombergsson There exists as so that

(f(1)du(1) =aaf(x)drol( Siege
summation
formula

Theorem There exists (so so that if in addition

f: /d, [o, 1 and Fe((M), then

f/f(1) - jf(1)du(1)pdu(N)Cfaf dvb(x)
& Rogers second
moment bound

· For counting:use Is(N):AS1153
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